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Abstract
This project serves to analyze the behavior of Ricci Flow in five di-
mensional manifolds. Ricci Flow was introduced by Richard Hamilton in
1982 and was an essential tool in proving the Geometrization and Poincare´
Conjectures. In general, Ricci Flow is a nonlinear PDE whose solutions
are rather difficult to calculate; however, in a homogeneous manifold, the
Ricci Flow reduces to an ODE. The behavior of Ricci Flow in two, three,
and four dimensional homogenous manifolds has been calculated and is
well understood. The work presented here will describe efforts to better
understand the behavior of Ricci Flow in a certain class of five dimensional
homogeneous manifolds.
1 Introduction
Ricci Flow was first developed by Richard Hamilton in [6] and has remained
a key mathematical tool ever since. In particular, Grigori Perelman’s work
in [9], [10], and [11] utilized Ricci Flow in providing a proof of Thurston’s
Geometrization Conjecture and by extension the Poincare´ Conjecture as well.
Ricci Flow has been studied previously in two, three [7], and four [8] dimensions
as well as Backwards Ricci Flow in three [4] and four [1] dimensions. Here we
seek to analyze the same phenomenon in five dimesions; however, because of the
many cases of closed five dimensional homogeneous manifolds, we restrict our
analysis to only one classification, namely closed 5-dimensional contact solveable
manifolds, for which the full classification can be found in [5]. These can be
found in [5] which classifies all five dimensional closed homogenous manifolds.
1
Thus, we study Ricci Flow in these manifolds by using the given equation:
∂gij
∂t
= −2Rij (1)
where g is a Riemannian metric and R is the associated Ricci tensor.
2 Closed five-dimensional unimodular solvable
contact Lie groups
2.1 D1.
Here we may choose a basis for the Lie Algebra {X1,X2,X3,X4,X5} such that
the Lie bracket is of the form
[X1,X2] = 0 [X1,X3] = 0 [X1,X4] = 0 [X1,X5] = 0 [X2,X3] = 0
[X2,X4] = X1 [X2,X5] = 0 [X3,X4] = 0 [X3,X5] = X1 [X4,X5] = 0.
Here we diagonalize the metric by letting Yi = Λ
k
iXk with
Λ =


1 0 0 0 0
a1 1 0 0 0
a2 a5 1 0 0
a3 a6 a8 1 0
a4 a7 a9 a10 1


.
We find that {Yi} satisfies the following bracket relations:
[Y1,Y2] = 0 [Y1,Y3] = 0 [Y1,Y4] = 0 [Y1,Y5] = 0
[Y2,Y3] = 0 [Y2,Y4] = Y1 [Y2,Y5] = αY1 [Y3,Y4] = βY1
[Y3,Y5] = (αβ + 1)Y1 [Y4,Y5] = γY1
where α = a10,β = a5, and γ = a6a10 − a7 + a8. Moreover, we let
Yˆ1 =
Y1√
A
, Yˆ2 =
Y2√
B
, Yˆ3 =
Y3√
C
, Yˆ4 =
Y4√
D
, and Yˆ5 =
Y5√
E
. (2)
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This gives
[Yˆ1, Yˆ2] = 0 [Yˆ1, Yˆ3] = 0 [Yˆ1, Yˆ4] = 0
[Yˆ1, Yˆ5] = 0 [Yˆ2, Yˆ3] = 0 [Yˆ2, Yˆ4] =
√
AYˆ1√
BD
[Yˆ2, Yˆ5] =
α
√
AYˆ1√
BE
[Yˆ3, Yˆ4] =
β
√
AYˆ1√
CD
[Yˆ3, Yˆ5] =
(αβ + 1)
√
AYˆ1√
CE
[Yˆ4, Yˆ5] =
γ
√
AY1√
DE
.
From [2], the Ricci tensor on a Lie Group can be calculated by the equation
Ric(W ,W ) = −1
2
∑
i
|[W , Yˆi]|2 − 1
2
∑
i
〈[W , [W , Yˆi]], Yˆi〉+ 1
2
∑
i<j
〈[Yˆi, Yˆj ],W 〉2.
(3)
Let W = w1Yˆ1+w2Yˆ2+w3Yˆ3+w4Yˆ4+w5Yˆ5. Then by (3) we get the equations
of the non-zero components of the Ricci tensor:
Ric(Yˆ1, Yˆ1) =
A
2BD
+
α2A
2BE
+
β2A
2CD
+
α2β2A
2CE
+
A
2CE
+
αβA
CE
+
γ2A
2DE
Ric(Yˆ2, Yˆ2) =
−A
2BD
+
−αA
2BE
Ric(Yˆ3, Yˆ3) =
−β2
2CD
+
−α2β2A
2CE
+
−A
2CE
Ric(Yˆ4, Yˆ4) =
−A
2BD
+
−β2A
2CD
+
−γ2A
2DE
Ric(Yˆ5, Yˆ5) =
−α2A
2BE
+
−αβA
2CE
+
−A
2CE
+
−αβA
CE
+
−γ2A
2DE
Ric(Yˆ2, Yˆ3) =
−βA
D(BC)1/2
+
−α2βA
E(BC)1/2
+
−αA
E(BC)1/2
(4)
Ric(Yˆ2, Yˆ4) =
−αγA
E(BD)1/2
Ric(Yˆ2, Yˆ5) =
γA
D(BE)1/2
Ric(Yˆ3, Yˆ4) =
−αβγA
E(CD)1/2
+
−γA
E(CD)1/2
Ric(Yˆ3, Yˆ5) =
βγA
D(CE)1/2
Ric(Yˆ4, Yˆ5) =
−αA
D(CE)1/2
+
−αβ2A
C(DE)1/2
+
−βA
C(DE)1/2
.
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Then if we require α = β = γ = 0, the off-diagonal components are also forced
to 0. Thus, the metric will remain diagonal under the Ricci flow and we can
restate g.
Let g(t) = A(t)θ2
1
+ B(t)θ2
2
+ C(t)θ2
3
+ D(t)θ2
4
+ E(t)θ2
5
where A(0) =
λ1, B(0) = λ2, C(0) = λ3, D(0) = λ4, and E(0) = λ5. Then Ricci flow
(1) reduces to the following system of equations:
dA
dt
= − A
2
BD
+− A
2
CE
dB
dt
=
A
D
dC
dt
=
A
E
(5)
dD
dt
=
A
B
dE
dt
=
A
C
.
We calculate
d
dt
(ABC) =
d
dt
(ABE) =
d
dt
(ACD) =
d
dt
(ADE) = 0. (6)
Thus we have
ABC = λ1λ2λ3, ABE = λ1λ2λ5,
ACD = λ1λ3λ4, ADE = λ1λ4λ5.
(7)
So we can restate two of the differential equations in (5) as
dB
dt
=
A
D
=
λ1λ
2
2
λ3
λ4B2C
dC
dt
=
A
E
=
λ1λ2λ
2
3
λ5BC2
.
(8)
4
Hence,
dB
dC
=
dB
dt
dC
dt
=
(
λ1λ
2
2λ3
λ4B2C
)
·
(
λ5BC
2
λ1λ2λ
2
3
)
=
C
B
(
λ2λ5
λ3λ4
)
. (9)
BdB = CdC
(
λ2λ5
λ3λ4
)
B2 = ωC2 + k (10)
where k =
λ2
λ4
(
λ2λ4 − λ3λ5
)
and ω =
(
λ2λ5
λ3λ4
)
. Similarly,
dD
dE
=
E
D
(
λ3λ4
λ2λ5
)
D2 = ǫE2 + ℓ (11)
where ℓ =
λ4
λ2
(
λ2λ4 − λ3λ5
)
and ǫ =
(
λ3λ4
λ2λ5
)
. By the symmetry of B and
D as well as C and E we can assume without a loss of generality that either
λ2λ4 = λ3λ5 or λ2λ4 < λ3λ5.
Case 1: λ2λ4 = λ3λ5
This gives the constants:
k =
λ2
λ4
(λ2λ4 − λ3λ5) = 0
ℓ =
λ4
λ2
(λ2λ4 − λ3λ5) = 0.
(12)
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Consequently,
dB
dt
=
λ1λ
2
2λ3
λ4B2C
=
λ1λ
2
2λ3
λ4B2
(
1
ω
(B2)
)
−1/2
B3
dB
dt
=
λ1λ
2
2λ3ω
1/2
λ4
B(t) = λ2
(
4λ1λ3ω
1/2
λ2
2
λ4
t+ 1
)1/4
. (13)
Thus by (7) and (10) and we have the following solution to (5):
A(t) = λ1
(
4λ1λ3ω
1/2
λ2
2
λ4
t+ 1
)−1/4(
4λ1λ2
λ2
3
λ5ω1/2
t+ 1
)
−1/4
B(t) = λ2
(
4λ1λ3ω
1/2
λ2
2
λ4
t+ 1
)1/4
C(t) = λ3
(
4λ1λ2
λ2
3
λ5ω1/2
t+ 1
)1/4
(14)
D(t) = λ4
(
4λ1λ5ǫ
1/2
λ2λ
2
4
t+ 1
)1/4
E(t) = λ5
(
4λ1λ4
λ3λ
2
5
ǫ1/2
t+ 1
)1/4
.
Case 2: λ2λ4 < λ3λ5
This gives the constants:
k =
λ2
λ4
(λ2λ4 − λ3λ5) = λ22 −
λ2λ3λ5
λ4
< 0
ℓ =
λ4
λ2
(λ2λ4 − λ3λ5) = λ24 −
λ3λ4λ5
λ2
< 0.
(15)
Consequently, from [5] and [2] we see that
dB
dt
=
λ1λ
2
2
λ3
λ4B2
(
1
ω
(B2 − k)
)
−1/2
B2(B2 − k)1/2 dB
dt
=
λ1λ
2
2
λ3ω
1/2
λ4
.
(16)
6
Which leads to,
(
1
8
)(
(B2 − k)1/2(2B3 − kB)− k2 ln
(
B + (B2 − k)1/2
))
=
λ1λ
2
2
λ3ω
1/2
λ4
t+ k1, (17)
where k1 is a constant. So for large t,
B(t) ≈
(
4λ1λ
2
2
λ3ω
1/2
λ4
t
)1/4
. (18)
Also,
dC
dt
=
λ1λ2λ3
λ5C2
(ωC2 + k)−1/2
C2(ωC2 + k)1/2
dC
dt
=
λ1λ2λ
2
3
λ5
.
(19)
Which implies,
(
1
8ω3/2
)(
(ω2C2 + ωk)1/2(2ωC3 + kC)− k2 ln(ωC + (ω2C2 + ωk)1/2)
)
=
λ1λ2λ
2
3
λ5
t+ k2, (20)
where k2 is a constant. So for large t,
C(t) ≈
(
4λ1λ2λ
2
3
λ5ω1/2
t
)1/4
. (21)
Similarly,
(
1
8
)(
(D2 − ℓ)1/2(2D3 − ℓD)− ℓ2 ln
(
D + (D2 − ℓ)1/2
))
=
λ1λ
2
4
λ5ǫ
1/2
λ2
t+ k3, (22)(
1
8ǫ3/2
)(
(ǫ2E2 + ǫℓ)1/2(2ǫE3 + ℓE)− ℓ2 ln(ǫE + (ǫ2E2 + ǫℓ)1/2)
)
=
λ1λ4λ
2
5
λ3
t+ k4, (23)
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where k3 and k4 are constants. So for large t,
D(t) ≈
(
4λ1λ
2
4
λ5ǫ
1/2
λ2
t
)1/4
(24)
E(t) ≈
(
4λ1λ4λ
2
5
λ3ǫ1/2
t
)1/4
. (25)
Then by (7) we have the following solution to (5) for large values of t:
A(t) ≈ 1
2t1/2
(
λ2
1
λ2λ3λ4λ5
)1/4
B(t) ≈
(
4λ1λ
2
2
λ3ω
1/2
λ4
t
)1/4
C(t) ≈
(
4λ1λ2λ
2
3
λ5ω1/2
t
)1/4
(26)
D(t) ≈
(
4λ1λ
2
4
λ5ǫ
1/2
λ2
t
)1/4
E(t) ≈
(
4λ1λ4λ
2
5
λ3ǫ1/2
t
)1/4
.
2.2 D2.
Here we may choose a basis for the Lie Algebra {X1,X2,X3,X4,X5} such that
the Lie bracket is of the form
[X1,X2] = 0 [X1,X3] = 0 [X1,X4] = 0 [X1,X5] = 0 [X2,X3] = 0
[X2,X4] = 0 [X2,X5] = X1 [X3,X4] = X1 [X3,X5] = X2 [X4,X5] = 0.
Here we diagonalize the metric by letting Yi = Λ
k
iXk with
Λ =


1 0 0 0 0
a1 1 0 0 0
a2 a5 1 0 0
a3 a6 a8 1 0
a4 a7 a9 a10 1


.
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We find that {Yi} satisfies the following bracket relations:
[Y1,Y2] = 0 [Y1,Y3] = 0 [Y1,Y4] = 0 [Y1,Y5] = 0
[Y2,Y3] = 0 [Y2,Y4] = 0 [Y2,Y5] = Y1 [Y3,Y4] = Y1
[Y3,Y5] = αY1 + Y2 [Y4,Y5] = βY1 + γY2
where α = a10 + a5 − a1,β = a8a10 − a9 + a6 − a1a8, and γ = a8.
Define Yˆ1 =
Y1√
A
as in (2). Let W = w1Yˆ1 + w2Yˆ2 + w3Yˆ3 + w4Yˆ4 + w5Yˆ5.
Then by (3) we get the equations of the non-zero components of the Ricci tensor:
Ric(Yˆ1, Yˆ1) =
A
2BE
+
A
2CD
+
α2A
2CE
+
β2A
2DE
Ric(Yˆ2, Yˆ2) =
B
2CE
+
γ2A
2DE
+
−A
2BE
Ric(Yˆ3, Yˆ3) =
−A
2CD
+
2α2A
2CE
+
−B
2CE
Ric(Yˆ4, Yˆ4) =
−A
2CD
+
−β2A
2DE
+
−γ2A
2DE
Ric(Yˆ5, Yˆ5) =
−A
2BE
+
−α2A
2CE
+
−B
2CE
+
−β2A
2DE
+
−γ2B
2DE
Ric(Yˆ2, Yˆ3) =
−αA
E(BC)1/2
Ric(Yˆ2, Yˆ4) =
−βA
E(BD)1/2
Ric(Yˆ3, Yˆ4) =
−αβA− γB
E(CD)1/2
Ric(Yˆ3, Yˆ5) =
βA
D(CE)1/2
Ric(Yˆ4, Yˆ5) =
−αA
C(DE)1/2
.
(27)
Then if we require α = β = γ = 0, the off-diagonal components are also forced
to 0. Thus, the metric will remain diagonal under the Ricci flow and we can
restate g.
Let g(t) = A(t)θ2
1
+ B(t)θ2
2
+ C(t)θ2
3
+ D(t)θ2
4
+ E(t)θ2
5
where A(0) =
λ1, B(0) = λ2, C(0) = λ3, D(0) = λ4, and E(0) = λ5. Then Ricci flow
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(1) reduces to the following system of equations:
dA
dt
= − A
2
BE
+− A
2
CD
dB
dt
= − B
2
CE
+
A
E
dC
dt
=
A
D
+
B
E
(28)
dD
dt
=
A
C
dE
dt
=
A
B
+
B
C
.
We calculate
d
dt
(ABC) =
d
dt
(A2BD2E) = 0. (29)
Thus we have
ABC = λ1λ2λ3
A2BD2E = λ2
1
λ2λ
2
4
λ5.
(30)
So we can restate three of the differential equations in (28) as
dA
dt
=
−A3
λ1λ2
(
AD2
λ1λ
2
4
λ5
+
B
λ3D
)
dB
dt
=
A3D2
λ2
1
λ2λ
2
4
λ5
( −B4
λ1λ2λ3
+B
)
dD
dt
=
A2B
λ1λ2λ3
.
(31)
Then we calculate
d
dt
(
AC
B2
)
=
3A
B2E
(B2 −AC)
= 3
(
AC
B2
)(
B2 −AC
BCE
)
. (32)
Hence, we have demonstrated that
AC
B2
→ 1 and we can consider two cases:
AC = B2 or AC 6= B2.
Case 1: AC = B2
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If B2 = AC, then
dB
dt
= 0 and B is a constant. In fact, by (30) we figure
B2 = AC
B3 = λ1λ2λ3 (33)
B = λ2 = (λ1λ2λ3)
1/3. (34)
Then follows,
dA
dD
=
dA
dt
dD
dt
=
( −A4D2
λ2
1
λ2λ
2
4
λ5
+
−A3B
λ1λ2λ3D
)(
λ1λ2λ3
A2B
)
=
−λ3A2D2
λ1λ
2
4
λ5B
+
−A
D
=
−λ3A2D2
λ1λ
2
4
λ5(λ1λ2λ3)1/3
+
−A
D
. (35)
Let ℓ =
λ3
λ1λ
2
4
λ5(λ1λ2λ3)1/3
, then we can restate (35) as
dA
dD
+
A
D
= −ℓA2D2. (36)
This gives us a Bernoulli Equation which we can calculate as in [3, p.77]. We
can solve by replacing with v = A−1:
dv
dD
+ (−D−1)v = ℓD2. (37)
We can find the solution to this first-order linear differential equation by using
an integrating factor:
v =
(
(−1) ∫ e− ∫ D−1dD(−ℓD2)dD
e−
∫
D−1dD
)
=
ℓ
2
D3 +KD
=
ℓ
2
(D3 +K1D) (38)
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where K is a constant and K1 =
2K
ℓ
. Because A = v−1, we know that
A =
2
ℓ
(D3 +K1D)
−1
= m(D3 +K1D)
−1 (39)
where m =
2
ℓ
. Furthermore, by (31)
dD
dt
=
m2B
λ1λ2λ3
(D3 +K1D)
−2
=
m2(λ1λ2λ3)
1/3
λ1λ2λ3
(D3 +K1D)
−2. (40)
Let M =
m2
(λ1λ2λ3)2/3
, and then
dD
dt
=M(D3 +K1D)
−2
(D3 +K1D)
2
dD
dt
=M .
With this we can see that for large t,
D7 ≈ (Mt)
D ≈ (Mt)1/7. (41)
Furthermore,
A = m(D3 +K1D)
−1
≈ m
D3
≈ m(Mt)−3/7. (42)
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We use this result and (30) to calculate
C =
λ1λ2λ3
AB
≈ (λ1λ2λ3)
2/3
m
(Mt)3/7
=MC(Mt)
3/7. (43)
The results in (34) and (42) as well as (30) enable us to solve for E:
E =
λ21λ2λ
2
4λ5
A2BD2
≈ λ
2
1λ2λ
2
4λ5(Mt)
6/7
m2(λ1λ2λ3)1/3(Mt)2/7
=ME(Mt)
4/7. (44)
Then from (42), (34), (43), (41), and (44) we have the following solution to (28)
for large values of t:
A(t) ≈ m(Mt)−3/7
B(t) = (λ1λ2λ3)
1/3
C(t) ≈MC(Mt)3/7 (45)
D(t) ≈ (Mt)1/7
E(t) ≈ME(Mt)4/7.
Case 2: AC 6= B2
We know that
AC
B2
→ 1. We analyze the behavior of B, specifically we want
to know the value of −B4
λ1λ2λ3
+B. (46)
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Therefore, we calculate said behavior.
If
−B4
λ1λ2λ3
+B > 0, then
dB
dt
> 0 and B is increasing.
If
−B4
λ1λ2λ3
+B < 0, then
dB
dt
< 0 and B is decreasing.
If
−B4
λ1λ2λ3
+B = 0, then
dB
dt
= 0 and B is a constant.
(47)
−B4
λ1λ2λ3
+B > 0 and
−B4
λ1λ2λ3
+B < 0 indicate that B > (λ1λ2λ3)
1/3 and B <
(λ1λ2λ3)
1/3, respectively. Hence, we may conclude that B is approaching the
constant (λ1λ2λ3)
1/3. We say that
0 < b1 ≤ B ≤ b2. (48)
Then follows,
dA
dD
=
( −A4D2
λ2
1
λ2λ
2
4
λ5
+
−A3B
λ1λ2λ3D
)(
λ1λ2λ3
A2B
)
=
−λ3A2D2
λ1λ
2
4
λ5B
+
−A
D
(49)
−λ3A2D2
λ1λ
2
4
λ5b2
+
−A
D
≤ dA
dD
≤ −λ3A
2D2
λ1λ
2
4
λ5b1
+
−A
D
. (50)
Let
λ3
λ1λ
2
4
λ5b1
= ℓ1 and
λ3
λ1λ
2
4
λ5b2
= ℓ2, then
dA
dD
+
A
D
≤ −ℓ1A2D2. (51)
We have now developed two first-order linear differential equations and we can
solve them by proceeding as we did in Case 1. Then by (30) and since B →
(λ1λ2λ3)
1/3 for large values of t we have a nearly identical result to (45) as
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found in Case 1:
A(t) ≈M1t−3/7
B(t)→ (λ1λ2λ3)1/3
C(t) ≈M3t3/7 (52)
D(t) ≈M4t1/7
E(t) ≈M5t4/7.
2.3 D3.
Here we may choose a basis for the Lie Algebra {X1,X2,X3,X4,X5} such that
the Lie bracket is of the form
[X1,X2] = 0 [X1,X3] = 0 [X1,X4] = 0 [X1,X5] = 0 [X2,X3] = 0
[X2,X4] = 0 [X2,X5] = X1 [X3,X4] = X1 [X3,X5] = X2 [X4,X5] = X3.
Here we diagonalize the metric by letting Yi = Λ
k
iXk with
Λ =


1 0 0 0 0
a1 1 0 0 0
a2 a5 1 0 0
a3 a6 a8 1 0
a4 a7 a9 a10 1


.
We find that {Yi} satisfies the following bracket relations:
[Y1,Y2] = 0 [Y1,Y3] = 0 [Y1,Y4] = 0 [Y1,Y5] = 0
[Y2,Y3] = 0 [Y2,Y4] = 0 [Y2,Y5] = Y1 [Y3,Y4] = Y1
[Y3,Y5] = αY1 + Y2 − Y3 [Y4,Y5] = βY1 + γY2 + Y3
where α = a10+a5−a1,β = a8a10−a9+a6−a1a8−a2+a1a5, and γ = −a5+a10.
Define Yˆ1 =
Y1√
A
as in (2). Let W = w1Yˆ1 + w2Yˆ2 + w3Yˆ3 + w4Yˆ4 + w5Yˆ5.
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Then by (3) we get the equations of the non-zero components of the Ricci tensor:
Ric(Yˆ1, Yˆ1) =
A
2BE
+
A
2CD
+
α2A
2CE
+
β2A
2DE
Ric(Yˆ2, Yˆ2) =
B
2CE
+
γ2B
2DE
+
−A
2BE
Ric(Yˆ3, Yˆ3) =
C
2DE
+
−A
2CD
+
−α2A
2CE
+
−B
2CE
Ric(Yˆ4, Yˆ4) =
−A
2CD
+
−β2A
2DE
+
−γ2B
2DE
+
−C
2DE
Ric(Yˆ5, Yˆ5) =
−A
2BE
+
−α2A
2CE
+
−B
2CE
+
−β2A
2DE
+
−γ2B
2DE
+
−C
2DE
Ric(Yˆ2, Yˆ3) =
−αA
E(BC)1/2
Ric(Yˆ2, Yˆ4) =
−βA
E(BD)1/2
Ric(Yˆ3, Yˆ4) =
−αβA− γB
E(CD)1/2
Ric(Yˆ3, Yˆ5) =
−βA
D(CE)1/2
Ric(Yˆ4, Yˆ5) =
−αA
C(DE)1/2
.
(53)
Then if we require α = β = γ = 0, the off-diagonal components are also forced
to 0. Thus, the metric will remain diagonal under the Ricci flow and we can
restate g.
Let g(t) = A(t)θ2
1
+ B(t)θ2
2
+ C(t)θ2
3
+ D(t)θ2
4
+ E(t)θ2
5
where A(0) =
λ1, B(0) = λ2, C(0) = λ3, D(0) = λ4, and E(0) = λ5. Then Ricci flow
(1) reduces to the following system of equations:
dA
dt
= − A
2
BE
+− A
2
CD
dB
dt
= − B
2
CE
+
A
E
dC
dt
= − C
2
DE
+
A
D
+
B
E
(54)
dD
dt
=
A
C
+
C
E
dE
dt
=
A
B
+
B
C
+
C
D
.
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We calculate
d
dt
(A5B4C3D2E) = 0.
Moreover, we calculate a new system of differential equations
d
dt
(
A
BE
)
= −3
(
A
BE
)2
+
(
A
BE
)(
− A
CD
)
+
(
A
BE
)(
− C
DE
)
d
dt
(
A
CD
)
= −3
(
A
CD
)2
+
(
A
CD
)(
− A
BE
)
+
(
A
CD
)(
− B
CE
)
d
dt
(
B
CE
)
= −3
(
B
CE
)2
+
(
B
CE
)(
− A
CD
)
d
dt
(
C
DE
)
= −3
(
C
DE
)2
+
(
C
DE
)(
− A
BE
)
.
(55)
Then we let
x =
A
BE
, y =
A
CD
, z =
B
CE
, and w =
C
DE
, (56)
and (55) becomes
x′ = −3x2 − xy − xw
y′ = −3y2 − xy − yz
z′ = −3z2 − yz
w′ = −3w2 − xw.
(57)
Consequently, we may restate (54) as
1
A
dA
dt
= −x− y
1
B
dB
dt
= −z + x
1
C
dC
dt
= −w + y + z
1
D
dD
dt
= y + w
1
E
dE
dt
= x+ z + w.
(58)
Moreover, we know by (57) that x′ = −3x2−xy− xw. Assume for the moment
that x′ = −kx2 where k is a constant. Hence, x = k1
(t+ c)
where c is a constant
17
and k1 =
1
k
. This leads to the further assumptions:
x =
k1
t+ c
, y =
k2
t+ c
, z =
k3
t+ c
, and w =
k4
t+ c
(59)
which, in turn, imply
x′ =
−k1
(t+ c)2
, y′ =
−k2
(t+ c)2
, z′ =
−k3
(t+ c)2
, and w′ =
−k4
(t+ c)2
(60)
with the caveat that c has the same value in x, y, z, and w. If we substitute
these equations into (57) we get the following set of equations:
1 = 3k1 + k2 + k4
1 = 3k2 + k1 + k3
1 = 3k3 + k2
1 = 3k4 + k1.
(61)
This gives the solutions
k1 =
2
11
, k2 =
2
11
, k3 =
3
11
, and k4 =
3
11
. (62)
Therefore, by (58),
1
A
dA
dt
= − A
BE
− A
CD
=
− 4
11
t+ c
lnA = − 4
11
ln(t+ c) + ℓ1
A = ℓA(t+ c)
−4/11 (63)
where ℓ1 and ℓA are constants. Similarly,
A = ℓA(t+ c)
−4/11
B = ℓB(t+ c)
−1/11
C = ℓC(t+ c)
2/11
D = ℓD(t+ c)
5/11
E = ℓE(t+ c)
8/11.
(64)
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By (62) we see that
3x = 3y = 2z = 2w (65)
3
(
A
BE
)
= 3
(
A
CD
)
= 2
(
B
CE
)
= 2
(
C
DE
)
. (66)
Plugging in t = 0 gives the initial requirements for this set of solutions:
λ2λ5 = λ3λ4,λ2λ4 = λ
2
3
, and 3λ1λ5 = 2λ
2
3
.
Now we calculate (57) under more general circumstances. First we solve:
(
x
y
)
′
=
(
x
y
)(
(2y − 2x) + (z − w)
)
(67)
(
z
w
)
′
=
(
z
w
)(
(3w − 3z) + (y − x)
)
(68)
(
x
z
)
′
=
(
x
z
)(
(2z − 3x) + (z − w)
)
(69)
(
x
w
)
′
=
(
x
w
)(
(2w − 3x) + (x− y)
)
(70)
(
y
z
)
′
=
(
y
z
)(
(2z − 3y) + (y − x)
)
(71)
(
y
w
)
′
=
(
y
w
)(
(2w − 3y) + (w − z)
)
(72)
(
x
y
)
′
=
(
x
y
)(
(2y − 2x) + (z − w)
)
(73)
(
z
w
)
′
=
(
z
w
)(
(3w − 3z) + (y − x)
)
(74)
If
(
x
y
)
is moving away from 1, then without a loss of generality let x ≥ y. Thus
(2y − 2x) ≤ 0, but z − w > 2(x− y) ≥ 0, so z
w
> 1 and 3(w − z) + (y − x) < 7
2
(w − z).
So proportionally,
(
z
w
)
is approaching 1 by at least
(
7
2
)
the rate that
(
x
y
)
is moving away from 1. Likewise, if
(
z
w
)
is moving away from 1, then
(
x
y
)
is moving towards 1, proportionally, by at least
(
5
2
)
the rate that
(
z
w
)
is
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moving away. Since x, y,w, and z all approach 0, then
(
x
y
)
and
(
z
w
)
must
approach 1. Now we see that
(
x
z
)
,
(
x
w
)
,
(
y
z
)
, and
(
y
w
)
must all approach
2
3
. Thus, by (57) we see that for large t,
x′ ≈ −11
2
x2, y′ ≈ −11
2
y2,
z′ ≈ −11
3
z2, w′ ≈ −11
3
w2.
(75)
Therefore, we have the following solution to (54),
A ≈ ℓAt−4/11
B ≈ ℓBt−1/11
C ≈ ℓCt2/11 (76)
D ≈ ℓDt5/11
E ≈ ℓEt8/11.
2.4 D5.
Here we may choose a basis for the Lie Algebra {X1,X2,X3,X4,X5} such that
the Lie bracket is of the form
[X1,X2] = 0 [X1,X3] = 0 [X1,X4] = 0 [X1,X5] = 0 [X2,X3] = X1
[X2,X4] = 0 [X2,X5] = X2 [X3,X4] = 0 [X3,X5] = −X3 [X4,X5] = X1.
Here we diagonalize the metric by letting Yi = Λ
k
iXk with
Λ =


1 0 0 0 0
a1 1 0 0 0
a2 a5 1 0 0
a3 a6 a8 1 0
a4 a7 a9 a10 1


.
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We find that {Yi} satisfies the following bracket relations:
[Y1,Y2] = 0 [Y1,Y3] = 0 [Y1,Y4] = 0
[Y1,Y5] = 0 [Y2,Y3] = Y1 [Y2,Y4] = αY1
[Y2,Y5] = βY1 + Y2 [Y3,Y4] = γY1 [Y3,Y5] = δY1 + ηY2 − Y3
[Y4,Y5] = µY1 + ρY2 − αY3
where α = a10,β = a6 − a1, γ = −a5a10 − a6, δ = a5a6 − a7 + a2 − 2a1a5, η =
2a5,µ = a6a9 − a7a8 + 1− a1a6 + a2a10 − a1a5a10, and ρ = a6 + a5a10.
Define Yˆ1 =
Y1√
A
as in (2). Let W = w1Yˆ1 + w2Yˆ2 + w3Yˆ3 + w4Yˆ4 + w5Yˆ5.
Then by (3) we get the equations of the non-zero components of the Ricci tensor:
Ric(Yˆ1, Yˆ1) =
A
2BC
+
α2A
2BD
+
β2A
2BE
+
γ2A
2CD
+
δ2A
2CE
+
µ2A
2DE
Ric(Yˆ2, Yˆ2) =
η2B
2CE
+
ρ2B
2DE
+
−A
2BC
+
−α2A
2BD
+
−β2A
2BE
Ric(Yˆ3, Yˆ3) =
α2C
2DE
+
−A
2BC
+
−γ2A
2CD
+
−δ2A
2CE
+
−η2B
2CE
Ric(Yˆ4, Yˆ4) =
−α2A
2BD
+
−γ2A
2CD
+
−µ2A
2DE
+
−ρ2B
2DE
+
−α2C
2DE
Ric(Yˆ5, Yˆ5) =
−β2A
2DE
+
−δ2A
2CE
+
−η2B
2CE
+
−µ2A
2DE
+
−ρ2B
2DE
+
−α2C
2DE
+
−2
E
Ric(Yˆ2, Yˆ3) =
−αγA
D(BC)1/2
+
−βδA
E(BC)1/2
+
−ηB
E(BC)1/2
Ric(Yˆ2, Yˆ4) =
γA
C(BD)1/2
+
−βµA
E(BD)1/2
+
−ρB
E(BD)1/2
Ric(Yˆ2, Yˆ5) =
δA
C(BE)1/2
+
αµA
D(BE)1/2
Ric(Yˆ3, Yˆ4) =
−αA
B(CD)1/2
+
−δµA
E(CD)1/2
+
−ηρB
E(CD)1/2
+
−αC
E(CD)1/2
Ric(Yˆ3, Yˆ5) =
−βA
B(CE)1/2
+
γµA
D(CE)1/2
Ric(Yˆ4, Yˆ5) =
−αβA
B(DE)1/2
+
−γδA
C(DE)1/2
.
(77)
Then if we require α = β = γ = δ = η = µ = ρ = 0 the off-diagonal components
also become 0. Thus, the metric will remain diagonal under the Ricci flow and
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we can restate g.
Let g(t) = A(t)θ2
1
+ B(t)θ2
2
+ C(t)θ2
3
+ D(t)θ2
4
+ E(t)θ2
5
where A(0) =
λ1, B(0) = λ2, C(0) = λ3, D(0) = λ4, and E(0) = λ5. Then Ricci flow
(1) reduces to the following system of equations:
dA
dt
= − A
2
BC
dB
dt
=
A
C
dC
dt
=
A
B
(78)
dD
dt
= 0
dE
dt
= 4.
Clearly, D(t) = λ4 and E(t) = 4t + λ5. To find the remaining equations we
begin by calculating
d
dt
(AB) =
d
dt
(AC) = 0.
Thus we have
1
B
=
A
λ1λ2
and A =
λ1λ3
C
. (79)
So by (78)
dC
dt
=
A
B
=
A2
λ1λ2
=
1
λ1λ2
(
λ2
1
λ2
3
C2
)
, (80)
C2
dC
dt
=
λ1λ
2
3
λ2
. (81)
Which leads to a solution for C,
C3 = λ3
3
+
3λ1λ
2
3
λ2
t
C = λ3
(
1 +
3λ1
λ2λ3
t
)1/3
. (82)
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Thus by (79), we have the following solution to (78):
A = λ1
(
1 +
3λ1
λ2λ3
t
)
−1/3
B = λ2
(
1 +
3λ1
λ2λ3
t
)
−1/3
C = λ3
(
1 +
3λ1
λ2λ3
t
)
−1/3
D = λ4
E = 4t+ λ5.
(83)
2.5 D11.
Here we may choose a basis for the Lie Algebra {X1,X2,X3,X4,X5} such that
the Lie bracket is of the form
[X1,X2] = 0 [X1,X3] = 0 [X1,X4] = 0 [X1,X5] = 0 [X2,X3] = X1
[X2,X4] = 0 [X2,X5] = X3 [X3,X4] = 0 [X3,X5] = −X2 [X4,X5] = ǫX1
where ǫ = ±1. Here we diagonalize the metric by letting Yi = ΛkiXk with
Λ =


1 0 0 0 0
a1 1 0 0 0
a2 a5 1 0 0
a3 a6 a8 1 0
a4 a7 a9 a10 1


.
We find that {Yi} satisfies the following bracket relations:
[Y1,Y2] = 0 [Y1,Y3] = 0 [Y1,Y4] = 0
[Y1,Y5] = 0 [Y2,Y3] = Y1 [Y2,Y4] = αY1
[Y2,Y5] = βY1 + γY2 + Y3 [Y3,Y4] = δY1 [Y3,Y5] = ηY1 + (−1− γ2)Y2 − γY3
[Y4,Y5] = κY1 + ρY2 + σY3
where α = a10,β = a1a5 − a2 + a9, γ = −a5, δ = a5a10 − a6, η = a1 + a1a25 −
a2a5+a5a9−a7,κ = a1a10+a1a5a6−a2a6+a6a9−a7a10+ǫ, and ρ = −a5a6−a10.
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Define Yˆ1 =
Y1√
A
as in (2). Let W = w1Yˆ1 + w2Yˆ2 + w3Yˆ3 + w4Yˆ4 + w5Yˆ5.
Then by (3) we get the equations of the non-zero components of the Ricci tensor:
Ric(Yˆ1, Yˆ1) =
A
2BC
+
α2A
2BD
+
β2A
2BE
+
δ2A
2CD
+
η2A
2CE
+
κ2A
2DE
Ric(Yˆ2, Yˆ2) =
(−1− γ2)2B
2CE
+
ρ2B
2DE
+
−A
2BC
+
−α2A
2BD
+
−β2A
2BE
+
−C
2BE
Ric(Yˆ3, Yˆ3) =
C
2BE
+
σ2C
2DE
+
−A
2BC
+
−δ2A
2CD
+
−η2A
2CE
+
−(−1− γ2)2B
2CE
Ric(Yˆ4, Yˆ4) =
−α2A
2BD
+
−δ2A
2CD
+
−κ2A
2DE
+
−ρ2B
2DE
+
−σ2C
2DE
Ric(Yˆ5, Yˆ5) =
−β2A
2BE
+
−γ2B
2BE
+
−C
2BE
+
−η2A
2CE
+
−(−1− γ2)2B
2CE
+
−γ2C
2CE
+
−κ2A
2DE
+
−ρ2B
2DE
+
−σ2C
2DE
+
−γB
2BE
+
−γC
2CE
Ric(Yˆ2, Yˆ3) =
−αδA
D(BC)1/2
+
−βηA
E(BC)1/2
+
−γ(−1− γ2)B
E(BC)1/2
+
γC
E(BC)1/2
Ric(Yˆ2, Yˆ4) =
δA
C(BD)1/2
+
−βκA
E(BD)1/2
+
−γρB
E(BD)1/2
+
−σC
E(BD)1/2
Ric(Yˆ2, Yˆ5) =
ηA
C(BE)1/2
+
ακA
D(BE)1/2
Ric(Yˆ3, Yˆ4) =
−αA
B(CD)1/2
+
−ηκA
E(CD)1/2
+
−ρ(−1− γ2)B
E(CD)1/2
+
γσC
E(CD)1/2
Ric(Yˆ3, Yˆ5) =
−βA
B(CE)1/2
+
δκA
D(CE)1/2
Ric(Yˆ4, Yˆ5) =
−αβA
B(DE)1/2
+
−δηA
C(DE)1/2
.
(84)
Then if we require a5 = a6 = a10, a1 = a7, and a2 = a9, then α = β = γ =
δ = η = ρ = 0 and κ = ǫ. So κ2 = ǫ2 = (±1)2 = 1. Therefore, the off-diagonal
components are also forced to 0. Thus, the metric will remain diagonal under
the Ricci flow and we can restate g.
Let g(t) = A(t)θ2
1
+ B(t)θ2
2
+ C(t)θ2
3
+ D(t)θ2
4
+ E(t)θ2
5
where A(0) =
λ1, B(0) = λ2, C(0) = λ3, D(0) = λ4, and E(0) = λ5. Then Ricci flow
24
(1) reduces to the following system of equations:
dA
dt
= − A
2
BC
+−κ
2A2
DE
dB
dt
= − B
2
CE
+
A
C
+
C
E
dC
dt
= − C
2
BE
+
A
B
+
B
E
(85)
dD
dt
=
κ2A
E
dE
dt
=
C
B
+
B
C
+
κ2A
D
.
We restricted κ in order that κ2 = ǫ2 = (±1)2 = 1, so we can then restate (85):
dA
dt
= − A
2
BC
+− A
2
DE
dB
dt
= − B
2
CE
+
A
C
+
C
E
dC
dt
= − C
2
BE
+
A
B
+
B
E
(86)
dD
dt
=
A
E
dE
dt
=
C
B
+
B
C
+
A
D
.
We calculate
d
dt
(A2BCD2) =
d
dt
A2E2(B2 − C2) = 0 (87)
d
dt
(B − C) = (B − C)(AE −B2 − 2BC − C2). (88)
Therefore, we may consider that if B = C then
d
dt
(B − C) = 0. In contrast, if
B > C or B < C at some time t, then it will remain so.
Thus, by (88) we can consider two cases. First, we let λ2 = λ3. Second,
without a loss of generality, we let λ2 > λ3 by the symmetry of B and C.
Case 1: Let λ2 = λ3
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This condition gives the constants:
B = C
A2E2(B2 − C2) = λ21λ25(λ22 − λ23) = λ21λ25(0) = 0 (89)
A2BCD2 = λ2
1
λ2λ3λ
2
4
= λ2
1
λ2
2
λ2
4
.
Then we can restate (86):
dA
dt
= −A
2
B2
+− A
2
DE
dB
dt
=
A
B
dD
dt
=
A
E
(90)
dE
dt
= 2 +
A
D
B = C.
As such we know that
A ≤ λ1, B = C ≥ λ2, D ≥ λ4, E ≥ λ5 + 2t. (91)
We can then solve for A using (89) and (90):
dA
dt
= − A
2
BC
+− A
2
DE
= −A
2
B2
+− A
2
DE
< −A
2
B2
= −A2
(
A2D2
λ2
1
λ2
2
λ2
4
)
− 1
A4
dA
dt
>
1
λ2
1
λ2
2
1
3
A−3 >
1
λ2
1
λ2
2
t+
1
3λ3
1
A < λ1
(
1 +
3λ1
λ2
2
t
)
−1/3
. (92)
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This solution for A and 91 allow us to solve for D:
dD
dt
=
A
E
≤
λ1
(
1 + 3λ1
λ2
2
t
)
−1/3
2t+ λ5
<
λ1
2t+ λ5
dD
dt
< (κ1t+ κ2)
−4/3
D < −3(κ1t+ κ2)−1/3 + λ4 + 3
κ
1/3
2
(93)
< λ4 +
3
κ
1/3
2
.
Thus, by the Monotone Convergence Theorem we observe that D approaches a
constant K1. Then, from (92) follows a solution for B:
dB
dt
=
A
B
B
dB
dt
< λ1
(
1 +
3λ1
λ2
2
t
)
−1/3
1
2
B2 <
3
2
(
λ22
3λ1
)
λ1
(
1 +
3λ1
λ2
2
t
)2/3
C = B < λ2
(
1 +
3λ1
λ2
2
t
)1/3
. (94)
The solutions for B and D then allow us to find a value which A is greater than:
A2 =
λ2
1
λ2
2
λ2
4
B2D2
>
λ2
1
λ2
2
λ2
4
λ2
2
K2
1
(
1 +
3λ1
λ2
2
t
)
−2/3
A >
λ1λ4
K1
(
1 +
3λ1
λ2
2
t
)
−1/3
. (95)
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We can solve for C in a similar fashion:
dC
dt
=
A
C
C
dC
dt
>
λ1λ4
K1
(
1 +
3λ1
λ2
2
t
)
−1/3
1
2
C2 >
3
2
(
λ2
2
3λ1
)
λ1λ4
K1
(
1 +
3λ1
λ2
2
t
)2/3
+ η
C2 >
λ2
2
λ4
K1
(
1 +
3λ1
λ2
2
t
)2/3
+ η
λ2
3
=
λ2
2
λ4
K1
+ η
λ22 = λ
2
3 =
λ2
2
λ4
K1
+ η < λ22 + η
η > 0
B = C >
(
λ4
K1
)1/2
λ2
(
1 +
3λ1
λ2
2
t
)1/3
. (96)
Finally, we can also find E from (90):
dE
dt
= 2 +
A
D
< 2 +
λ1
λ4
E <
(
2 +
λ1
λ4
)
t+ λ5. (97)
This gives the solution to (86)
λ1λ4
K1
(
1 +
3λ1
λ2
2
t
)
−1/3
< A(t) < λ1
(
1 +
3λ1
λ2
2
t
)
−1/3
(
λ4
K1
)1/2
λ2
(
1 +
3λ1
λ2
2
t
)1/3
< C(t) = B(t) < λ2
(
1 +
3λ1
λ2
2
t
)1/3
D(t)→ K1
2t+ λ5 < E(t) <
(
2 +
λ1
λ4
)
t+ λ5.
(98)
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This leads to:
A(t) ∼ kAt−1/3
C(t) = B(t) ∼ kBt1/3
D(t)→ K1
E(t) ∼ kEt−1/3.
(99)
Case 2: Let λ2 > λ3
A2E2(B2 − C2) = λ2
1
λ2
5
(λ2
2
− λ2
3
)
A2BCD2 = λ21λ2λ3λ
2
4.
(100)
By (86) we know that:
A ≤ λ1, D ≥ λ4, E ≥ λ5 + 2t. (101)
Then,
1
2
(
1
B + C
d(B + C)
dt
+
−1
B − C
d(B − C)
dt
)
=
1
2
(
4
E
)
=
2
E
=
1
E
dE
dt
− 1
D
dD
dt
.
d
dt
(
(B + C)D2
(B − C)E2
)
= 0. (102)
Furthermore, since λ2 > λ3,
(B + C)D2
(B − C)E2 =
(λ2 + λ3)λ
2
4
(λ2 − λ3)λ25
(103)
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is positive. Since
dE
dt
> 2 +
A
D
we know that E > 2t + λ5. Then E
2 > 4t2 +
4λ5t+ λ
2
5
> 4t2. Because λ2 > λ3 and D > λ4, we know that:
(B + C)D2
(B − C)E2 =
(λ2 + λ3)λ
2
4
(λ2 − λ3)λ25
(104)
B + C
B − C = α
E2
D2
(105)
≥
(
(2t+ λ5)
λ1
2
ln(t+ λ5
2
)
)2
= β1(t)
> 1 (106)
(B + C) > β1(t)(B − C) (107)
B
C
<
β1(t) + 1
β1(t)− 1 . (108)
Then we see that for any δ1 > 0 there is some T such that for all t > T ,
1 <
B
C
< δ1. (109)
This leads us to observe that
B
C
→ 1. (110)
This allows us to solve (86) the same way we did in Case 1. If we follow the
same method we generate the following solution, where k1 and k2 are constants
and k1 =
λ2λ3λ4
δ1K1
and k2 = δ1λ2λ3. This leads to:
A(t) ∼ kAt−1/3
C(t) . B(t) ∼ kBt1/3
D(t)→ K1
E(t) ∼ kEt.
(111)
3 Conclusion
This project demonstrates significant differences in the behavior of Ricci flow
in five dimensions from what has been observed in two, three, and four dimen-
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sions. Much of the lower dimensional behavior remained linear or inverse cubic.
However, while classes D1, D5, and D11 also demonstrated inverse cubic be-
havior, classes D2 and D3 actually developed solutions raised to inverse seventh
and inverse eleventh powers. This is indicative of the changes Ricci flow goes
through when applied to higher dimensions, and suggests that greater oddities
will occur in even higher dimensions. It would be valuable to research other
five-dimensional geometries and discover whether the cubic behavior is retained
or not. Research into backwards Ricci flow in five-dimensions as well as looking
into higher dimensions will also be able to provide clues as to the more general
nature of Ricci flow across several different dimensions.
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